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ELECTRICAL C O N D U C T M T Y  OF A PARTIALLY IONIZED GAS MIXTURE IN A 
MAGNETIC FIELD 
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A considerable number of papers [1-5] has been devoted to deter- 
mining the electrical conductivity of a partially ionized gas on the 
basis of kinetic theory. In so doing, a three-component plasma model 
(electrom, ions, neutrals) is generally employed. The general expres- 
sions for the electrical conductivity of a many-component system are 
fairly complicated [1], and the calculation of their determinants is 
most laborious. 

The ease of a N-component gas mixture in which one of the com- 
ponents is partially ionized (N + 2-compenent plasma) is considered 
below. A ~eries of ~implifications in the solution of the initial system 
of equations allows one to represent the expressions for the electrical 
conductivity of such a mixture in the ~ame form as for the three-com- 
ponent plasma ca~e, but with certain effective parameter values. The 
results obtained correspond to the "~econd approximation" of Cowling 
[~, 63. 

As our  in i t i a l  s y s t e m  of equat ions we use  t h e t r a n s -  
for  diffusion ve loc i t ies  w T = u ~ -  u and port  equat ions 

for  the reduced re la t ive  heat  f luxes r T = hT/pT given 
in [4]. Omit t ing  t e r m s  with p r e s s u r e  and t e m p e r a t u r e  
g rad ien t s  and neglec t ing  "viscous". t r a n s f e r  of m o m e n -  
tum and the t e m p e r a t u r e  d i f ference  of components  Ca 
s i m i l a r  s y s t e m  was employed in [3] for  a t h r e e - e o m -  
ponent p lasma) ,  we have 

-~-(J • H) ( E ' = E +  u X H), (1) 

m~ 
~ X ' e [  b'~r" + b"~re + m. +rn(~ :a~ (wa --w~) ] = 

= V5 n,e•, (r. X H), (2) 

Y, v~w~ = o .  (3) 

Here m~, e~, n~, p~ = n ~ m ~  a re ,  r espec t ive ly ,  the 
m a s s ,  charge ,  densi ty ,  and m a s s  dens i ty  of pa r t i c l e s  
of type ~ ;  p is  the m a s s  dens i ty  of the mix tu re ;  u is  
the m e a n  m a s s  ve loc i ty  of the gas;  and E and H a r e t h e  
e l ec t r i c  and magne t ic  field s t r e n g t h s .  Moreover ,  

'/ 
L ~  ~ n j z ~ p . ~  :Q , s  . (4) 

Here p aft is  the reduced m a s s  and Q~fl is  the mean  
effect ive c o l l i s i o n  c r o s s  sec t ion  for  pa r t i c l e s  of types  

and ft. It is  convenien t  to exp re s s  the quant i ty  Xafl in 
~erms  of the effect ive co l l i s ion  f requency  ~ a - 1  

E=s = n~it.,~v~ff ~ = n3F.~v~ -~ = ;%~. (5) 

Exp re s s ions  for  r~B and the coeff ic ients  b ~ ,  
bce~, ~ f l  fo r  d i f fe ren t  i n t e r a c t i o n  laws a r e  given in  
[4]. 

Equat ion (2) is  solved for  r T. Sett ing the e x p r e s -  
s ions  thus obtained in  (1), we a r r i v e  at  a s y s t e m  of 
l i n e a r  vec to r  equat ions  for  the diffusion ve loc i t i e s  w V. 

These  equations a r e  l i nea r ly  dependent,  and so the 
actual  n u m b e r  of equat ions n e c e s s a r y  to de t e rmine  the 
c u r r e n t  densi ty  

j = ~ ~ w ~  (6) 

is  l ess  by one than the n u m b e r  of components .  In the 
solut ion of the s y s t e m  (1)-(3) below, the  equations for  
the e lec t ron ic  component  (~ = e) and N independent  
equat ions (1) for  the neu t ra l  components  (a  = 1, . . . ,  N) 
a re  employed.  Thanks to the condit ions m e / m  fl << 1 
and b~fl ~ (me/raft) << 1 for  fl ~ e we may neglect  in 
the equations for  e lec t rons ,  t e r m s  conta in ing the heat  
f luxes of ions and n e u t r a l s .  Omit t ing  the las t  t e r m  on 
the r ight  hand s ide of (1) for  the s a m e  reason ,  and 
taking into cons ide ra t ion  that  gefi ~ me, we have 

e E' - -  o)e (w~ X k~(7) Y, ~.;~ [ w . -  w~ + L ~ 4  = - -  ~-:  
N#e 

5 2 Te~-i~e$ (W. - -  Wl~ ). i s )  re + 0)e~:e* (re • k) = - -  ~-  re* 

Here 

H o)~=LH,% , e = [ e ~  I, k = ~ - ,  (9) 

i =0 .4T~j  ~ + 2 . 5  ~ 1--  3.48B~* . (10) 

In wr i t ing  (10), the expres s ions  for  b ~ ,  b~fl given 
in [4] were  employed.  The coeff ic ient  B~fl* depends 
only s l ight ly  on the c h a r a c t e r  of e l ec t ron  sca t t e r  and 
differs  l i t t le  f rom uni ty .  For  the case  of s ingle  ion i -  
zat ion,  e i = - e  e = e and r i = n e.  Then 

j = n~e (w'~ - -  w~). ( I I )  

Taking into account  that  

w~ = ~ P-!(w~--w~) (12) 
~ e  P 

in  view of condi t ion (3), and in t roduc ing  the quant i t ies  

St~ : nee ( v q  - - -  W~) (~ =: t . . . . .  N), X~ : nee r,,(13) 

we r e p r e s e n t  equat ions (7), (8) in the fo rm 

j + ~0eT0 (j X k) = (14) 

N N 

= % E ' +  To ~ ~ S:, @(oe% ~ pa (S., • k )+vo .oX, ,  
~=i "Ce3 g=l ~- 

N 
5 , 5 "~ ~e3 x~ + r (x~. X k) = -~--v0~ j - - : T  T,.* ,.d ~ - S ~  .(15) 

- ~ = 1  e3 

Here  

Z o = - - T o ,  - . . . . .  Vo = ~ - - : - . ( 1 6 )  
m e TO ~-7-c Te~ 3r ~e3 
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To d e t e r m i n e  Sfl we have N independent  equat ions  
(1) fo r  c~ = 1 ,2 ,  . . . ,  N. Here ,  a s  in the  equat ions  f o r  
e l e c t r o n s ,  we neg lec t  t e r m s  conta in ing the hea t  f luxes  
of  ions  and n e u t r a l s .  The l a t t e r  p r o c e d u r e  m a y  be 
ju s t i f i ed  as  fo l lows .  The e x p r e s s i o n s  fo r  r i and r/~ 
(fi = 1, 2, . . . ,  N), r e s u l t i n g  f r o m  the  so lu t ion  of equa-  
t ions  (2), conta in  t e r m s  p r o p o r t i o n a l  to Sfl only,  s i nce  
r e  and J a p p e a r  in t h e m  with coef f i c ien t s  ~ m e / m  ft. 
M o r e o v e r ,  the  p r o p o r t i o n a l i t y  coef f i c ien t s  ~iB and gaff 
depend on i o n - a t o m  and a t o m - a t o m  in t e r ac t i ons  only,  
and so fo r  r ea l  i n t e r a c t i o n  po ten t i a l s  ~ifl ~ ~afl ~ 0 2 .  
Set t ing r i  and r~ in (1), we note tha t  the  addi t ions  to 
the  coe f f i c i en t s  fo r  Sfi t u r n  out t o b e  quadra t i c  with 
r e s p e c t  to the  quan t i t i e s  ~ifl and ~afl, i . e . ,  t ak ing  into 
account  the  hea t  f luxes  of ions  and n e u t r a l s  i n t roduces  
only ins ign i f i can t  c o r r e c t i o n s .  ( E s t i m a t e s  fo r  a t h r e e -  
component  p l a s m a  [3, 4] show that  neg lec t ing  r i and r a  
l e a d s  to an e r r o r  not exceed ing  2% in the f inal  r e s u l t .  ) 
Then, t ak ing  into account  tha t  e a  = 0 fo r  a = 1, 2 . . . .  
. . . ,  N, we m a y  r e p r e s e n t  Eqs .  (1) fo r  the  neu t r a l  
componen t s  in the  f o r m  

N 

a=#S# = ~.~= ( j - - ~ = X , )  +n~e~ (j • It}, (17) 

ace = 2 ~.av (T , :  e, i, 1 . . . . .  N), ( 18 )  

a.~ . . . .  X,# (~ #= a).  

Solving the equat ions ,  we have 

S~ = c:j - -  d~X~. + / ~  (j • k), (19) 

N N 
/ a l ~  Xn ( a f ~  ~, (20) 

~ =  ET~-~o.~, ~ =  ~=~ ~ I.--V ~~ ~' 

N 

Here  lal i s  the  d e t e r m i n a n t  of  the  s y s t e m  and lalflo~ 
i s  the  c o f a c t o r  of the  e l e m e n t  ~a  of  the  d e t e r m i n a n t .  

We note tha t  the  nondiagonal  e l e m e n t s  of the  d e t e r -  
minan t  depend on quant i t i es  which c h a r a c t e r i z e  a t o m -  
a tom i n t e r a c t i o n s  only .  The d iagonal  t e r m s  contain ,  
t o g e t h e r  with o t h e r  e l e m e n t s ,  the  quant i t i es  Xea and 
~(~. In t h i s  c a s e ,  Xec~/Xio~ ~ m e b & / # i ~ r  i f  Qeo~ 
~ Qi~ ,  and so  Xe~ << Xi~. A s s u m i n g  tha t  the  c r o s s  
s e c t i o n s  Q~fl f o r  a t o m - a t o m  i n t e r a c t i o n s  have the 
s a m e  o r d e r  of  magn i tude  as  Qi~ ,  and e s t i m a t i n g  the 
coe f f i c i en t s  in (19) unde r  t h e s e  condi t ions ,  we have 

Here  the  index k r e f e r s  to the  l i g h t e s t  n e u t r a l  c o m -  
ponent  in the  m i x t u r e .  Se t t ing  (19) in equat ions  (14), 
(15) and so lv ing  t h e m  jo in t ly ,  we a r r i v e  at  the  equat ion 
f o r  J, which when t e r m s  ~ ( m e / i n k )  y~ a r e  neg lec t ed  a s -  
s u m e s  the f o r m  

Aj + BcoeTo (j >(k) - -  C(o~%'[# k (jk) = 5o E'. (21) 

He re  

Ao 
A = I- "t .-"r%~,#vo ~ + 6~176 

~0 
B =  1 + y  l+T2~%2vo~ '" 

Ao (22) C ~ 6 o +  T ~ t-vT'%Jro 2 ' 

Ao ~ - v 0  Te "Co, T =  "re*'t'o -1, 

6o = ndn,,% -1 ~ P~%J a I~_~ (23) 

Equation (21) is  the g e n e r a l i z e d  Ohm' s  law fo r  the 
mul t i componen t  m i x t u r e  under  c o n s i d e r a t i o n .  Solving 
i t  f o r  J, we have 

j = OllEii ' + o=E• + ~. (k X E'), (24) 

whe re  E tl' = k (E'k) and E3' = k x (E' • k) a r e  the  c o m -  
ponents  of  E '  c o r r e s p o n d i n g  to the  p a r a l l e l  and p e r -  
pend icu l a r  magne t i c  f i e lds ,  and ~ ~1, oZ and z.  a r e  t h e  
longi tudinal ,  t r a n s v e r s e  and "Hal l"  eonduc t iv i t i e s  
given by the expressions 

60 A 
511 - -  t - -  h e  ' 5J" = 50 A 2 - r  B~%2~o  2 ' (25) 

B~eTO 

5a  ~ ~o A 2 - r  B2tOe2TO 2 " 

The s t r u c t u r e  of  the e x p r e s s i o n s  fo r  the  e l e c t r i c a l  
conduc t iv i t i e s  (25) r e m a i n s  the  s a m e  in fact  as  in the  
c a s e  of a t h r e e - c o m p o n e n t  p l a s m a  [3, 4]. The p r e s -  
e n c e  of s e v e r a l  t ypes  of  n e u t r a l s  in the  mix tu r e  l eads  
only to  an addi t iona l  con t r ibu t ion  to the  coef f i c ien t s  
r0 - i ,  (Te*) -1 and re, t ak ing  into account  the  i n t e r ac t i on  
of  the  e l e c t r o n s  with n e u t r a l s  of each type .  

The g e n e r a l i z e d  e x p r e s s i o n  fo r  the  coef f ic ien t  5 o is  
a l so  i m p o r t a n t .  We note  tha t  i t  i s  p r e c i s e l y  the  t e r m  
50O~e2~'02 which d e s c r i b e s  the  inf luence of the  r e l a t i v e  
d i f fus ion of heavy  componen t s  ( ions and neu t r a l s )  on 
the  e l e c t r i c a l  conduc t iv i ty  a c r o s s  the  magne t i c  f i e ld .  
If  50r << 1, then the mul t i eomponen t  p l a s m a  under  
c o n s i d e r a t i o n  i s  d e s c r i b e d ,  with a good d e g r e e  of a p -  
p rox ima t ion ,  by  the  mode l  of  a q u a s i - t w o - c o m p o n e n t  
m e d i u m  [7]. The e x p r e s s i o n s  fo r  the  e l e c t r i c a l  con-  
duc t iv i ty  of such a p l a s m a  (25) then follow i m m e d i -  
a t e ly  f r o m  the so lu t ion  of the  equat ions  fo r  the  e l e c -  
t r on i c  component  (7) and (8), i f  we s e t  wfl = 0 in them,  
i .  e . ,  i f  w e  c o n s i d e r  the v e l o c i t i e s  of the heavy  c o m -  
ponents  ufi a p p r o x i m a t e l y  equal  to the  mean  m a s s  v e -  
loc i ty  of the  gas  u.  We now give the  e x p r e s s i o n s  fo r  
6 o fo r  the  c a s e s  when one and two types  of n e u t r a l s  
a r e  p r e s e n t  in the  m i x t u r e :  

fo r  a t h r e e - c o m p o n e n t  p l a s m a  

fo r  a p l a s m a  with two types  of n e u t r a l s  

neme ~0-~ P~i,z + P2~t : (P~ + P2) 2 )~P- (27) 
6o = p2 Xit~,z 2 + ),~2 (Xi L -!- ~,~.) 

If the  r e l a t i v e  c onc e n t r a t i on  of c h a r g e d  p a r t i c l e s  in 
the  m i x t u r e  i s  not  l a r g e  (n i << n 1 + n2), the  l a t t e r  ex -  
p r e s s i o n  m a y  be  s i m p l i f i e d '  

60 = me'/, (nlOe I ~- ft2 Qe2 :- ni O,'i) 
pi t%nlQi t + ~ti2t,n2Qi2 ( 2 8 )  
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A typical example in which the results obtained above may find 
application, is the calculation of the electrical conductivity of mix-  
tures with a lightly ionized additive, such as are employed in a series 
of magnetohydtodynamic devices. In estimating the influence of ion 
slip on the electrical conductivity of such mixtures the use of expres- 
sions (27) or (28) is more exact than expressions of the type (26). 

We shall now estimate the role of "second-order" corrections to 
the theory. Clearly, their influence on the transverse and "Hail" con- 
ductivities notably decreases as the parameter WeZr0 z increases. Thus, 
if taking ion slip into account is important, i . e . ,  60WeZr02 ~ 1, then 
wJr02 >> 1 since 60 << 1. Under these conditions the contribution of 
~second-order" corrections turns out to be vanishingly small. For 
cases when wet0 ,% 1, and aim in calculating the longitudinal conduc- 
t ivityo li ' it is essential to take into account the corrections A 0. We 
shall examine the calculation of ~11 in greater detail. 

In the limit of a weakly ionized gas when only the interactions of 
electrons with neutrals are important, we may represent the expres- 
sion for the effective collision frequency r 0 1 in the form 

- (8~r ,r (29) 

Q~ = "i an exp (--  z ~) qe~ (G Z) (l - -  cos Z) df~dx, (30) 

where qe~ (v, %) is the effective differential cross section of elastic 
scattering of electrons by ~-type neutrals, • is the scattering angle, 
da = sin • d• (s is the azimuthal angle), x 2 = (m e /2kT)v  ~, and v 
is the electron velocity. 

We have for "second-order" corrections 

If q (v, • = const, which corresponds to the model of interaction 

.z. = Ao __ of hard elastic spheres, then ~efi 0.2, Be~ t and en__ 0.077, In 
this case the expression for the conductivity ~ !! assumes the form 

e2/~e - i  
,~en __ 0.5t0 7-~-~- /~  ( ~  n~Qepl . (32) 

II ~ tree r~)  \ l; ] 

This result differs by only 4% from the exact Lorentz value o I! of 
the interaction for this model (0.510 instead of 0.532 [6]). If the in- 
teraction of electrons with neutrals of different types is varied in char- 
acter, then, generally speaking, A en depends on the relative concen- 
tration of neutral components in the mixture. However, it must be 
noted that as a role this correction is itself small. The contribution to 
A 0 in the other l imiting case, when the gas is fully ionized, turns oUt 
to be more important. For this case ~ei = -- 0.6, Bet* = t and A ei = 
= 0.482. Using the expressions 

z 4 n / 2xkT  ~1~ 

we have 

~ = 0.582 (kr)V" t 
li e~meV~ in A '  (34) 

which practically coincides with the well-known result of  Spitzer 
(0.582 instead of  0,591 [8]). 

We shall now consider the case of an arbitrary degree of  ioniza- 
tion of the mixture. Different interpolations are pr, pposed in order to 
calculate the conductivity in this region, alt of which are based on 
the assumption that the specific resistances due to electron-neutral 
and electron-ion collisions [9] are additive. If we leave aside the 

small differences in numerical coefficients for the limiting cases 

mentioned above, then the most often used expression for ~ [I may be 
represented in the form 

! = l + i . ( 3 5 )  
;GII ~11 en  Gilez 

where oel? and oi~ are determined from expressions (32) and (34). 
Actually, as follows from (16), only the effective collision frequen- 
cies Ve~ or specific resistances calculated only in first-approximation 
theory are additive. Hence a more accurate expression for (~ i/ is 

i le, ~ 1 -- Ao i i - -  ho 

~JI 511 1 ~11 t - -  

comparison of (35) and (36) allows us to estimate the error in- 
volved in calculating the conductivity from the approximate formula 
(35). Both expressions give values of ~ L! which coincide in the Iimit- 
ing cases but may differ noticeably for effective electron-neutral and 

electron-ion collision frequencies which are comparable in magnitude. 

As a rule, A 0 << 1 in this region and the coefficient for the first term 

in (36) is of the order of two; thus, calculations from the approximate 

formula (35) may give values of n t[ 1.3-1,5 times higher than the 

more exact values of (36). 
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